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1Introduction.
These notes are from a 3-lecture course given by the author at the ICTP in Tri-
este, Italy, 1st–5th of September 2014, as part of a graduate summer school on
“L-functions and modular forms”.
The course is meant to serve as an introduction to l-adic Galois representations
over local fields with “l 6= p”, and, as the school was followed by a computational
workshop, has a somewhat computational bent. It is worth mentioning that the
course is not about varieties and their e´tale cohomology, but merely about the
representation theory. It should also be said that nothing here is meant to be new
— in fact, it’s all pretty old by now, except for perhaps a couple tricks illustrated
in the exercises, that were inspired by more recent developments.
The prerequisites for the course are fairly modest: the theory of local fields and
representation theory of finite groups, such as might be covered in a Masters level
course, and, for the sake of examples and motivation, the theory of elliptic curves
over local fields (Silverman’s book is more than sufficient). Some previous exposure
to L-functions is desirable, as, after all, this was the main topic of the school. The
“Preliminary exercises” in the beginning are meant to set the right level, as well as
serve as a warm-up for the course.
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2Preliminary exercises
Representation theory.
Exercise 1. Write down the irreducible representations of S3 and D10 (throughout
Sn (resp. An) will denote the symmetric (resp. alternating) group on n elements,
and D2n will denote the dihedral group of order 2n).
Exercise 2. Using the fact that S4/V4 ∼= S3, find the irreducible representations of
S4 (or their characters), where V4 denotes the Klein group.
Exercise 3. Compute the induced characters of the two irreducible 2-dimensional
representations of D10 to A5. Compute the character table of A5.
Local fields.
Exercise 1. Determine the degrees, ramification degrees and residue degrees of
Q2(ζ3,
3
√
3)/Q2, Q3(ζ3,
3
√
3)/Q3 and Q7(ζ3,
3
√
3)/Q7.
Here ζ3 denotes a primitive cube root of 1.
Exercise 2. Compute the corresponding Galois groups, inertia groups, wild inertia
groups and Frobenius elements.
Elliptic curves.
Exercise 1. Show that the elliptic curve E : y2+y = x3−x2 has split multiplicative
reduction at 11 and good reduction at all other primes. Compute #E˜(F2), #E˜(F5)
and #E˜(F11).
Exercise 2. Find an elliptic curve with additive potentially good reduction at 5,
and another with additive potentially multiplicative reduction at 5.
31. Artin representations
Throughout these lectures K will denote a field of characteristic zero.
We will abuse notation for representations and use the same symbol both for the
homomorphism G→ GLd(C) and for the underlying vector space.
Definition 1. An Artin representation ρ over K is a
finite dimensional complex representation of Gal(K/K)
that factors through a finite quotient by an open sub-
group, i.e. there is a finite Galois extension F/K such that
Gal(K/F ) ⊆ ker ρ, so that ρ corresponds to a representa-
tion of Gal(F/K).
K
Gal(K/K)
Gal(K/F )
F
Gal(F/K)
K
Example 2. K = Q5, F = Q5(ζ3,
3
√
5),
Gal(F/K) ∼= S3 = 〈s, t|s3 = t2 = id, tst = s−1〉
• Let ρ be the two dimensional irreducible representation of S3:
ρ(s) =
(−1/2 −√3/2√
3/2 −1/2
)
ρ(t) =
(
1 0
0 −1
)
.
It gives an irreducible representation of Gal(K/K) by
Gal(K/K) // // Gal(F/K) // GL2(C).
• Let ǫ be the sign representation of S3: ǫ(s) = 1 and ǫ(t) = −1. This gives
a 1-dimensional Artin representation of Gal(K/K) which is the same Artin
representation as when taking F = Q5(ζ3) and the non-trivial 1-dimensional
representation Gal(F/K) ∼= C2 → GL1(C) = C×.
• The trivial representation ρ = 1 gives the same Artin representation over K
for all F/K.
Notation:
When K/Qp is finite and F/K is a Galois extension, we write:
• πK for a fixed uniformizer of K;
• OK for the ring of integers of K;
• vK for the normalized valuation on K;
• FK for the residue field of K (of characteristic p), with q = #FK ;
• IF/K for the inertia group, i.e. the subgroup of Gal(F/K) that acts trivially
on the residue field of F :
IF/K : = {g ∈ Gal(F/K) : g(x) ≡ x mod πF ∀x ∈ OF} ,
when F/K is finite.
4• FrobF/K for a Frobenius element, i.e. any g ∈ Gal(F/K) that induces the
Frobenius automorphism x 7→ xq on the residue field of F .
• ΦF/K = Frob−1F/K for the “geometric Frobenius”.
Definition 3. For an Artin representation ρ over a local field K its local polynomial
is
P (ρ, T ) = det(1−ΦF/KT |ρIF/K)
where ρ factors through F/K and ρIF/K is the subspace of ρ of IF/K-invariant vectors.
Note that as IF/K is a normal subgroup, ρ
IF/K is a subrepresentation of ρ, and that
P (ρ, T ) is essentially the characteristic polynomial of ΦF/K on this subspace.
Example 4. Let K = Q5 and F = Q5(ζ3,
3
√
5), as in the previous example. Here
IF/K ∼= C3 = Gal(F/K(ζ3)) and FrobF/K = t, an element of order 2.
For the trivial representation, P (1, T ) = det(1−1(t)T |1IF/K) = det(1−T |1) = 1−T .
For the sign representation, P (ǫ, T ) = det(1− ǫ(t)T |ǫIF/K) = det(1+T |ǫ) = 1 + T .
For the 2-dimensional irreducible representation of S3, we find that P (ρ, T ) = 1,
since ρIF/K = 0.
Definition 5. For an Artin representation ρ over a number field K, its Artin L-
function is
L(ρ, s) =
∏
p⊂OK prime
1
Pp(ρ,Nm(p)−s)
,
where Pp(ρ, T ) is the local polynomial for ρ restricted to Gal(Kp/Kp). The Euler
product is known to converge for ℜ(s) > 1 to an analytic function.
Example 6. If ρ = 1, then Pp(ρ, T ) = 1 − T for all p, so we obtain the Dedekind
ζ-function of K:
L(1, s) =
∏
p
1
1−Nm(p)−s = ζK(s).
Let K = Q and ρ be the order 2 character of Q(ζ3)/Q. Then P(3)(ρ, T ) = 1,
Pp(ρ, T ) = 1−T for p ≡ 1 (mod 3) and Pp(ρ, T ) = 1+T for p ≡ 2 (mod 3). So
L(ρ, s) =
∏
p 6=3
1
1− (p
3
)
p−s
=
∞∑
n=1
(n
3
)
n−s = L
(( ·
3
)
, s
)
,
the L-function of the non-trivial Dirichlet character Z/3Z→ C×.
Fact: Artin L-functions of 1-dimensional Artin representations over Q correspond
to Dirichlet L-functions of primitive characters.
5Basic properties. (i) For ρ1 and ρ2 Artin representations over a local field K, we
clearly have P (ρ1 ⊕ ρ2, T ) = P (ρ1, T )P (ρ2, T ).
(ii) When F/K is a finite extension and ρ is an Artin representation over F , then
PF (ρ, T
f) = PK(Ind ρ, T ) where f is the residue degree of F/K and PF (ρ, T ) is
the local polynomial for the Artin representation ρ over F and analogously for
PK(Ind ρ, T ).
(iii) When K is a number field, L(ρ1 ⊕ ρ2, s) = L(ρ1, s)L(ρ2, s). If F/K is a finite
extension and ρ an Artin representation over F , then L(ρ, s) = L(Ind ρ, s), where
the first is an Artin L-function over F and the second over K.
Remark. Artin L-functions of 1-dimensional representations are known to be ana-
lytic on C (except for a pole at s = 1 for ρ = 1). Brauer’s induction theorem taken
together with (iii) then shows that all Artin L-functions are meromorphic.
Conjecture (Artin). Let ρ 6= 1 be an irreducible Artin representation over a number
field. Then its L-function is analytic.
Definition 7. For an Artin representation ρ over a local field K, its conductor
exponent nρ is
nρ = nρ,tame + nρ,wild
with
nρ,tame = dim ρ− dim ρI = dim ρ/ρI ,
and
nρ,wild =
∞∑
k=1
1
[I : Ik]
dim ρ/ρIk ;
where ρ factors though Gal(F/K) = G, and I = IF/K = I0 and
Ik = {σ ∈ G : σ(α) ≡ α mod πk+1F ∀α ∈ OF}
are the higher ramification groups (with the lower numbering). So, in particular,
I1 = SylpI = wild inertia, I/I1 = tame inertia (cyclic).
We say that ρ is unramified (resp. tame) if nρ = 0 (resp. if nρ,wild = 0), equivalently,
if I (resp. I1) acts trivially on ρ. The conductor of ρ is the ideal Nρ = (π
nρ).
Remarks. We clearly have: nρ1⊕ρ2 = nρ1 + nρ2 and Nρ1⊕ρ2 = Nρ1 Nρ2 .
One can show that when ρ is irreducible and ramified,
nρ,wild = dim(ρ) ·max{i : Gi acts non-trivially on ρ},
where Gi is the i-th ramification group in the upper numbering.
6Theorem 8 (Swan’s character). Let ρ be an Artin representation of a local field K,
which factors through Gal(F/K). Then
nρ,wild = 〈Trace ρ, b〉,
where
b(g) =
{
1− vF (g(πF )− πF ) for g ∈ I \ {e}
−∑h 6=e b(h) for g = e,
vF is the normalized valuation of F and 〈·, ·〉 is the representation theoretic inner
product for characters of IF/K.
Theorem 9 (Artin). nρ ∈ Z.
Theorem 10 (Conductor-discrimant formula).
F
H
❅❅
❅❅
❅❅
❅❅
G L
⑦⑦
⑦⑦
⑦⑦
⑦
K
Let F/K be a Galois extension with an intermediate field L, and
let ρ be a representation of H = Gal(F/L). Then
nIndGH ρ = (dim ρ) · vK(∆L/K) + fL/K · nρ.
Equivalently,
NInd ρ = ∆
dim ρ
L/K ·NmL/K(Nρ),
where fL/K is the residue degree, ∆L/K is the relative discriminant,
and NmL/K the relative norm.
Example 11.
F
❄❄
❄❄
⑧⑧
⑧⑧
⑧⑧
L = Q5(
3
√
5)
⑧⑧
⑧⑧
⑧⑧
Q5(ζ3)
❄❄
❄❄
K = Q5
IF/K ∼= C3 = Gal(F/K(ζ3))
I1 = {1}
n1 = 0
nǫ = 0
nρ,tame = 2−0 = 2, nρ,wild =
∑
0 = 0, nρ = 2.
In particular, by the conductor-discriminant formula,
1 ·∆1L/K = NIndS3C2 1 = Nρ ·N1 = 5
2 up to units,
∆F/K = NIndS3
1
1
= Nρ⊕ρ⊕ǫ⊕1 = 5
4 up to units.
Definition 12. The conductor of an Artin representation ρ over a number field K
is
Nρ =
∏
p prime in K
p
np(ρ),
where np(ρ) is the conductor exponent of ρ restricted to Gal(Kp/Kp).
7Theorem 13. The Artin L-function of ρ satisfies the functional equation:
Λ(ρ, s) = w · A 12−s · Λ(ρ∗, 1− s),
where
Λ(ρ, s) = L(ρ, s) ·
∏
ν real
ΓR(s)
d+(ρ)ΓR(s+ 1)
d−(ρ)
∏
ν complex
ΓC(s),
ρ∗ denotes the dual representation, d±(ρ) is the dimension of the ±-eigenspace of the
image of complex conjugation at ν, w ∈ C∗ with |w| = 1 is the global root number
and
A = Nm(Nρ) ·
√
|∆K |
dim ρ
,
ΓR(s) = π
− s
2Γ(s/2),
ΓC(s) = (2π)
−sΓ(s).
8Exercises to Lecture 1
Exercise 1. For each irreducible Artin representation over Q that factors through
Q(ζ3,
3
√
3) determine its conductor and the first 5 coefficients of its Artin L-series∑
n≥1 ann
−s.
Exercise 2.
F
❄❄
❄❄
⑧⑧
⑧⑧
⑧⑧
10
✛
✛
✛
✛
✛
✛
✛
✛
✛
L
5⑧⑧
⑧⑧
⑧⑧K
2
❄❄
❄❄
Q
Suppose F/Q is a Galois extension with Galois group D10, the
dihedral group of order 10. Let K and L denote intermediate fields
with [K : Q] = 2 and [L : Q] = 5. Prove the identity
ζF (s)ζQ(s)
2 = ζL(s)
2ζK(s).
Exercise 3. The polynomial f(x) = x5 + 2x4 − 3x3 + 1 has Galois group D10. Its
complex roots are
α1 = −3.01 . . . , α2 = −0.35 . . .− 0.53 . . . i, α3 = 0.85 . . .− 0.31 . . . i,
α4 = α3, α5 = α2,
and the Galois group contains the 5-cycle (α1α2α3α4α5). Prove that the Frobenius
element of a prime above 2 in the splitting field of f(x) has order 5 and determine
its conjugacy class in the Galois group.
Hint: look at
α1α2 + α2α3 + α3α4 + α4α5 + α5α1,
α1α3 + α3α5 + α5α2 + α2α4 + α4α1,
and
β1β2 + β2β3 + β3β4 + β4β5 + β5β1,
where β1 is a root of f(x) in F2 and βi = β
2i−1
1 .
92. l-adic representations
Definition 14. A continuous l-adic representation over K is a continuous homo-
morphism Gal(K/K)→ GLd(F) for some finite extension F/Ql.
Remark. An l-adic representation is continuous if an only if for all n there exists
a finite Galois extension Fn/K such that Gal(K/Fn) → Id mod ln, i.e. such that
ρ mod ln factors through a finite extension Fn/K (except that the image of ρ may
have denominators, so ρ mod ln may not actually be well-defined).
An Artin representation ρ that factors through F/K can be realized over Q, and
hence also over a finite extension F/Ql. It maps Gal(K/F ) to Id, so we can take
Fn = F for all n to see that it is continuous.
Example 15 (Cyclotomic character). Let ζln be primitive l
n-roots of unity in K
with (ζln)
l = ζln−1 . For g ∈ Gal(K/K) define a sequence of integers 0 ≤ ai < l by
g(ζl) = ζ
a1
l ,
g(ζl2) = ζ
a1+l a2
l2 ,
. . .
g(ζln) = ζ
a1+l a2+···+ln−1an
ln .
We then define the l-adic cyclotomic character χcyc by
χcyc(g) = a1 + l a2 + · · ·+ ln−1an + · · · ∈ Zl.
Note that the value χcyc(g) mod l
n simply says what g does to the ln-th roots of 1.
It is easy to check that the l-adic cyclotomic character is multiplicative, and hence
gives a 1-dimensional representation,
χcyc : Gal(K/K)→ Z∗l ⊂ GL1(Ql).
Taking Fn = K(ζln), we have that Gal(K/Fn)→ Id mod ln, so χcyc is continuous.
Example 16 (Tate module). Let E/K be an elliptic curve and let Pn, Qn be a
basis for E[ln] with lPn = Pn−1 and lQn = Qn−1. For g ∈ Gal(K/K), we define
0 ≤ ai, bi, ci, di < l by g(P1) = a1P1 + b1Q1 and g(Q1) = c1P1 + d1Q1, and generally
gPn = (a1 + . . .+ anl
n−1)Pn + (b1 + . . .+ bnl
n−1)Qn,
gQn = (c1 + . . .+ cnl
n−1)Pn + (d1 + . . .+ dnl
n−1)Qn.
Then
ρ(g) =
(
a1+...+ln−1an+... c1+···+ln−1cn+···
b1+...+ln−1bn+... d1+...+ln−1dn+...
)
∈ GL2(Zl) ⊆ GL2(Ql)
is the representation on the l-adic Tate module ofE. Here we can take Fn = K(E[l
n])
to see that ρ is continuous, and the value of ρ(g) mod ln says what g does to E[ln].
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Remarks.
(i) Let K/Qp be a finite extension and F/Ql with l 6= p. Then FrobK/K(ζln) = ζqln
and IK/K acts trivially on ζln for all n. In other words
χcyc(IK/K) = 1 and χcyc(FrobK/K) = #FK = q.
(ii) If ρ is the representation on the Tate module of an elliptic curve, then det ρ =
χcyc, i.e. the determinant of the matrix ρ(g) simply depends on the action of
g on ζln for all n. This is because the Weil pairing E[l
n] × E[ln] → µln is
alternating and Galois equivariant (and is, effectively, the determinant map).
(iii) For elliptic curves, when K/Qp is a finite extension and l 6= p, one usually uses
the dual representation
ρE = ρ
∗,
i.e. ρE(g) = (ρ(g)
−1)t; this is the same as the representation on H1e´t (E,Qℓ).
Definition 17. Let K/Qp be a finite extension and ρ : Gal(K/K) → GLd(F) a
continuous l-adic representation with l 6= p. The local polynomial of ρ is
P (ρ, T ) = det(1−ΦK/KT |ρIK/K ),
and its conductor exponent is nρ = nρ,tame + nρ,wild with
nρ,tame = dim ρ/ρ
IK/K ,
nρ,wild =
∑
k≥1
1
[IF/K : IF/K,k]
dim ρ/ρIF/K,k ,
where F/K is a finite extension, large enough so that the action of the wild inertia
group factors through F/K. (This exists: one can take F = F1 so that the image
of Gal(K/F ) lies in
(
1+lOF lOF
lOF 1+lOF
)
. The image of wild inertia is trivial since
it is a (pro) p-group and this matrix group a (pro) l-group). The conductor of the
representation ρ is Nρ = (πK)
nρ .
Definition 18. For an elliptic curve E over a number field K, its L-function is
defined by the Euler product
L(E, s) =
∏
p prime
1
Pp(ρE ,Nm(p)−s)
,
where Pp(ρE , T ) is the local polynomial for ρE : Gal(Kp/Kp) → GL2(Ql) for any l
not divisible by p. It converges for ℜ(s) ≫ 1. Its conductor is NE =
∏
p
pnp,ρE and
it conjecturally satisfies the functional equation:
Λ(ρ, s) = w · A1−s · Λ(ρ, 2− s),
11
where
Λ(ρ, s) = L(E, s)ΓC(s)
[K:Q],
ΓC(s) = (2π)
−sΓ(s),
A = NmK/Q(NE) · |∆K |2,
w = ±1 is the global root number of E/K.
Remark. This construction of L-functions applies more generally to “compatible
systems of l-adic representations ” (e.g. from Artin representations, abelian varieties,
Hie´t of varieties, motives). The exact formula for the Γ-factors and the root number
w is explicitly given using the associated Hodge structure and the theory of local
ǫ-factors of l-adic representations.
3. The l-adic representation of an elliptic curve
Recall that to an elliptic curve E/K we have associated an l-adic representation ρE.
We now relate its properties to the arithmetic of E in the case when K is a local
field.
Theorem 19. Let K/Qp be a finite extension, E/K an elliptic curve, and let
ρE : Gal(K/K)→ GL2(Ql) the l-adic representation on H1e´t(E,Qℓ) with l 6= p. Then
1. E has good reduction if and only if ρE is unramified (the Ne´ron-Ogg-Shafarevich
criterion),
2. det ρE = χ
−1
cyc (by the Weil pairing),
3. P (ρE , 1/q) = #E˜(FK)/q, where q = #FK .
Remarks. (i) By (1) E has potentially good reduction if and only if IK/K acts
through a finite quotient.
(ii) By (1), (2) and (3), if E/K has good reduction then
P (ρE, T ) = 1− aT + qT 2 with a = 1 + q −#E˜(FK).
(iii) By (1) and (3):
E has additive reduction ⇒ P (ρE, T ) = 1,
E has split multiplicative reduction ⇒ P (ρE, T ) = 1− T,
E has non-split multiplicative reduction ⇒ P (ρE, T ) = 1 + T.
12
Example 20.
Let E/Q5 be the elliptic curve y
2 = x3 + 52.
It has additive reduction (∆E = unit · 54). It
has good reduction over L = Q5(
3
√
5): over L
we have the model E ′ : y2 = x3 + 1 with
E˜ ′(F5) = {O, (0,±1), (2,±2), (−1, 0)}. The ac-
tion of Gal(Q5/Q5) factors through Gal(L
nr/Q5)
which is generated by g ∈ Gal(Lnr/Qnr5 ) of order
3 (inertia group) and ΦL = ΦLnr/L, the geometric
Frobenius over L. They satisfy the relation
ΦL · g · Φ−1L = g−1.
Q5
❄❄
❄❄
Lnr
C3=〈g〉
❄❄
❄❄
⑧⑧
⑧⑧
⑧⑧
Qnr5
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
L(ζ3)
⑧⑧
⑧⑧
⑧⑧
S3L
3
❄❄
❄❄
〈ΦL〉
Q5
In particular ρE(g) has eigenvalues ζ3, ζ
−1
3 (it is nontrivial as there is bad reduction,
so it has order 3, and it has determinant 1 by the Weil pairing) and ρE(ΦL) has
eigenvalues ±√−5 (as #E˜ ′(F5) = 6 so P (ρE, T ) = 1 + 5T 2 over L); and
ρE(ΦL) · ρE(g) · ρE(ΦL)−1 = ρE(g)−1.
A little algebra shows that, with a suitable choice of Ql-basis, the representation
ρE : Gal(L
nr/K)→ GL2(Ql) is given by
ρE(g) =
(
ζ3 0
0 ζ−13
)
and ρE(ΦL) =
(
0
√−5√−5 0
)
.
13
Exercises to Lecture 2
Exercise 1. Let E/Q7 be the elliptic curve y
2 + y = x3 − x2. Let K/Q7 be some
horrible extension with residue degree 11 and ramification degree 76. Find #E˜(FK),
where FK is the residue field of K.
Exercise 2. Let K/Qp be a finite extension and E/K an elliptic curve. Prove that
if p 6= 2, 3 then the exponent of the conductor of E is at most 2.
Hint: pick ℓ 6= p that forces the image of the wild inertia group in GL2(Z/ℓnZ) to
be trivial for all n.
Exercise 3. Let E/Q7 be the elliptic curve y
2 = x3 + 72. Identify its ℓ-adic repre-
sentation ρE : Gal(Q7/Q7)→ GL2(Qℓ) on H1e´t (E,Qℓ)⊗Qℓ Qℓ for l 6= 7.
Hint: compute #E˜(FK) over two different cubic ramified extensions K/Q7.
14
4. Classification of l-adic representations
Throughout this section K is a finite extension of Qp and l 6= p a prime.
Example 21.
In the last lecture we had E/Q5 with l-adic rep-
resentation ρE given by ρE(g) =
(
ζ3 0
0 ζ−13
)
and
ρE(ΦL) =
(
0
√−5√−5 0
)
, where 〈g〉 = I ∼= C3
with g( 3
√
5) = ζ3
3
√
5, and ΦL = ΦLnr/L is a topo-
logical generator of Gal(Lnr/L).
The representation ρE can clearly be written as
ρE = ρ⊗ ψ,
where ρ is the 2-dimensional representation of
Gal(Q5(ζ3,
3
√
5)/Q5) ∼= S3:
ρ(g) =
(
ζ3 0
0 ζ−13
)
, ρE(ΦL) =
(
0 1
1 0
)
,
Q5
❄❄
❄❄
❄❄
❄❄
Qnr5 (
3
√
5)
C3=〈g〉❄❄
❄❄
⑧⑧
⑧⑧
⑧⑧
Qnr5
⑧⑧
⑧⑧
⑧⑧
L(ζ3)
⑧⑧
⑧⑧
⑧
S3
❄❄
❄
Q5(ζ3)
⑧⑧
⑧⑧
⑧⑧
L=Q5(
3
√
5)
〈ΦL〉
❄❄
❄❄
Q5
and ψ satisfies ψ(I) = 1 and ψ(ΦQ5/Q5) =
√−5.
This decomposition works as ρE(ΦL)
2 =
(−5 0
0 −5
)
is a scalar matrix. Indeed, Φ2L
is central in Gal(Qnr5 (
3
√
5)/Qnr5 ) and ρE is irreducible, so by Schur’s lemma ρE(ΦL)
2
must be scalar. This trick works in general for irreducible representations, and lets
one prove the following classification:
Theorem 22. Every continuous l-adic representation τ : Gal(K/K)→ GLd(F) for
which
• the image of I is finite,
• any (⇔ every) choice of ΦK/K acts semisimply,
is of the form
τ ∼=
⊕
i
ρi ⊗ χi (for F sufficiently large),
with
• ρi Artin representations (with values in F),
• χi 1-dimensional unramified: that is χi(I) = 1 and χi(ΦK/K) ∈ F .
It is not hard to show that for irreducible l-adic representations with finite image of
inertia, ΦK/K must act semisimply.
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Example 23.
Let us now consider an l-adic representation for which the
image of inertia I = IK/K is infinite. Let E be an elliptic
curve over K, with K/Qp finite, such that E has split mul-
tiplicative reduction, and let ρE : Gal(K/K) → GL2(Zl)
be the associated l-adic representation. Then P (ρE, T ) =
1 − T , so there is a 1-dimensional I-invariant space with
trivial ΦK/K action:
ρE(h) =
(
1 ?
0 ?
)
∀h ∈ Gal(K/K).
Since det ρE = χ
−1
cyc, it follows that det ρE(h) = 1 for all
h ∈ I, and so ρE(h) =
(
1 ∗
0 1
)
for h ∈ I with ∗ ∈ Zl
and not always zero (as otherwise there would exist a 2-
-dimensional inertia invariant subspace, which is not the
case).
Qp
I
❄❄
❄❄
❄❄
❄❄
❄
Lnr 〈g〉
❄❄
❄❄
❄
ΦL⑧⑧
⑧⑧
⑧⑧
⑧
Knr
⑧⑧
⑧⑧
⑧⑧
L
❄❄
❄❄
❄
K
Hence, the image of inertia mod ln is of the form
ρE(I) ⊆
{(
1 ∗
0 1
)
∈ GL2(Z/lnZ)
}
∼= Cln .
As for every n it is contained in a cyclic group of order ln, the wild inertia (a p-group,
p 6= l) maps to Id, and the tame inertia Gal(Ktame/Knr) ∼= ∏p′ 6=p Zp′ is such that
only Zl can act non-trivially (and must do so). So, if Zl = 〈g〉 = Gal(L/Knr), where
L = ∪∞n=1Knr( ln
√
πK) and ΦL = ΦLnr/L, then ρE factors through Gal(L
nr/K) and,
with respect to a suitable Ql-basis,
ρE(g) =
(
1 1
0 1
)
and ρE(ΦL) =
(
1 0
0 q
)
where q = #FL. More explicitly,
ρE(h) =
(
1 tl(h)
0 χ−1cyc(h)
)
for h ∈ I,
where tl : I → Zl is the l-adic tame character given by h( ln√πK) = ζ tl(h)ln ln
√
πK for all
n.
Remark. Once we have ρE(g) =
(
1 tl
0 1
)
and ρE(Φl) =
(
1 ?
0 ?
)
, the rest is, in fact,
forced by the commutation relations of ΦL and I. In particular, det ρE has to be
χ−1cyc.
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Definition 24. The special representation sp(n) over K is the n-dimensional l-adic
representation given by:
sp(n)(h) =


1 t t2/2 · · · tn−1/(n−1)!
0 1 t · · · tn−2/(n−2)!
. . .
. . .
...
t
0 0 1

 for h ∈ I,
where t = tl(h) is the l-adic tame character, and
sp(n)(ΦK/K) =

 1 0q ...
0 qn−1

 , where q = #FK .
(Different choices of ΦK/K give rise to isomorphic representations.)
Note that, in particular, sp(1) is the trivial representation, and sp(2) agrees with
the one associated to an elliptic curve with split multiplicative reduction.
Theorem 25. Every continuous l-adic representation τ : Gal(K/K)→ GLd(F) for
which any (⇔ every) choice of ΦK/K acts semisimply on τ I
′
, for every I ′ ⊆ I of
finite index, is of the form
τ =
⊕
i
ρi ⊗ sp(ni) (for F sufficiently large),
where ni are integers and ρi are continuous l-adic representations with ρi(IK/K)
finite and semisimple action of ΦK/K.
Example 26. Let E/K be an elliptic curve with split multiplicative reduction.
Then ρE has infinite inertia image, so, by the theorem, ρE = ρ ⊗ sp(2) where ρ is
1-dimensional with local polynomial 1− T . Therefore, ρ = 1 and ρE(g) = sp(2).
5. Independence of l
Throughout this section K is a finite extension of Qp and l 6= p a prime.
Example 27. The l-adic cyclotomic character is defined such that χcyc(I) = 1 and
χcyc(ΦK/K) = 1/q, where q = #FK . Morally, this does not depend on l. However,
Gal(K/K) is a topological group, and limits do depend on l. For instance, the χcyc
factors through ∪nK(ζln)/K, which depends on l.
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Example 28. In the last lecture we had E/Q5 with ρE(g) =
(
ζ3 0
0 ζ−13
)
and
ρE(ΦL) =
(
0
√−5√−5 0
)
. This representation does not depend on l provided we
only look at the inertia group and integer powers of ΦL. Non-integer powers of ΦL
again give problems because of different convergence properties in Ql for different l.
Example 29. Let E/K be an elliptic curve with split multiplicative reduction.
Then ρE(g) = sp(1) which again, morally, does not depend on l. (However, the
l-adic tame character does).
Definition 30. The Weil group WK/K is the subgroup of Gal(K/K) consisting of
elements whose image modulo IK/K is an integer power of ΦK/K , i.e.
0 // IK/K
// Gal(K/K) // Ẑ ∼= Gal(FK/FK) // 0
0 // IK/K
// WK/K
//
⊆
Z ∼= 〈ΦK/K〉
⊆
// 0.
The topology ofWK/K is the same (profinite) one on IK/K and discrete onWK/K/IK/K .
Remark. A continuous l-adic representation over K automatically restricts to a
continuous representation WK/K → GLd(F).
Theorem 31. Let E/K be an elliptic curve (or an abelian variety). Then the
decomposition of ρE as
⊕
i ρi⊗sp(ni) is independent of l, i.e. ρi⊗QlC are independent
of l as representations of WK/K , and the ni are independent of l.
Corollary 32. Let E/K be an elliptic curve (or an abelian variety) with potentially
good reduction. Then ρE ⊗Ql C is independent of l as a representation of WK/K .
Corollary 33. Let E/K be an elliptic curve (or an abelian variety). The local
polynomial P (ρE, T ) and the characteristic polynomials of ρE(h) for every h ∈ IK/K
are independent of l and lie in Q[x] (as they lie in Ql[x] for all l 6= p).
Example 34. Let K/Qp be a finite extension with p ≥ 5, and let E/K be an elliptic
curve with potentially good reduction. Then ρE is tame (exercise 2 of lecture 2),
so the action of IK/K factors through a finite cyclic group Cn = 〈g〉 (as the tame
inertia group is cyclic). By the above corollary, we must have Cn = C1, C2, C3, C4 or
C6 since the characteristic polynomial of ρE(g) is quadratic and lies in Q[x]. (Thus,
in particular, vK(∆E) 6≡ 1, 11 mod 12 and E acquires good reduction over a quartic
or a sextic totally ramified extension of K).
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Exercises to Lecture 3
Exercise 1. Show that if ρE is irreducible then E acquires good supersingular
reduction over a finite extension. Recall that E/K has good supersingular reduction
if #E˜(FK) ≡ 1 mod p.
Exercise 2. Show that an elliptic curve with potentially multiplicative reduction
acquires split multiplicative reduction over a quadratic extension.
Exercise 3. Decompose sp(2)⊗ sp(2) as a direct sum of indecomposables. (If you
like the representation theory of GL2(C) try also sp(n)⊗ sp(m)).
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